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Abstract The original Rainich theory for the non-null Einstein-Maxwell
solutions consists of a set of algebraic conditions and the Rainich (differential)
equation. We show here that the subclass of type D aligned solutions can be
characterized just by algebraic restrictions.
Keywords Rainich theory · Einstein-Maxwell · Type D
1 Introduction
The energy tensor T associated with an electromagnetic field F solution of
the source-free Maxwell equations (Maxwell field), ∇ · F = 0, dF = 0, is
divergence-free, ∇ · T = 0. Conversely, if T is a conserved symmetric tensor,
what additional conditions must it satisfy in order to be the energy tensor of a
Maxwell field? This problem was posed and solved by Rainich [1] for non-null
fields obtaining, as a consequence, a fully geometric characterization of the
non-null Einstein-Maxwell solutions. It is worth pointing out that the Rainich
approach [1] also includes other interesting results about the principal planes
of a non-null Maxwell field (see, for example [2] for a detailed analysis).
Here we are interested in the following points of the Rainich work: (i) to
express Maxwell equations for the Maxwell-Minkowski energy tensor, such,
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2to obtain the algebraic conditions and the additional differential restrictions
for a conserved symmetric tensor to be the energy tensor of a Maxwell field,
and (ii) to write all these conditions, via Einstein equations, for the Ricci
tensor considered as a metric concomitant.
The Rainich answer to the the first point can be summarized in the fol-
lowing [1]:
Theorem 1 (Rainich, 1925) A symmetric tensor T is the energy tensor of
a non-null Maxwell field if, and only if, it satisfies the algebraic conditions:
trT = 0, 4T 2 = trT 2 g 6= 0, T (x, x) > 0 (1)
and the differential ones:
∇ · T = 0, dΨ [T ] = 0 (2)
where x is an arbitrary time-like vector and the Rainich 1–form Ψ [T ] is given
by
Ψ [T ] ≡ 6
trT 2
∗ (∇T · T ) (3)
The operators and products used in this theorem and hereafter are explicitly
defined in Appendix A.
The answer to the second point of the Rainich work follows easily from
the above theorem. Indeed, under the traceless condition, Einstein-Maxwell
equations state that the Ricci tensor and the energy-momentum tensor differ
in a constant. Thus, algebraic conditions (1) apply on the Ricci tensor. More-
over, field equations imply the conservation condition and only the Rainich
(differential) equation must be imposed. Consequently, we have the following
[1]:
Theorem 2 (Rainich, 1925) A metric tensor g is a non-null Einstein-
Maxwell solution if, and only if, its Ricci tensor R ≡ R(g) satisfies the alge-
braic conditions:
trR = 0, 4R2 = trR2 g 6= 0, R(x, x) > 0 (4)
and the differential one:
dΨ(R) = 0 , Ψ(R) ≡ 6
trR2
∗ (∇R · R) (5)
where x is an arbitrary time-like vector.
Rainich-like characterizations have been considered for other matter mod-
els. Thus the Mariot-Robinson theorem [3,4] is the starting point in charac-
terizing the null Einstein-Maxwell solutions. Several subsequent works have
contributed to this goal (see, for example, Ref. [5,6]). In a different frame-
work, in considering a hydrodynamical matter model, the local thermal equi-
librium condition has been expressed in terms of energy tensor variables and
a fully geometrical description of the thermodynamic perfect fluid solutions
has been obtained [7].
3It is worth remarking that in a Rainich-like approach we can limit the set
of metrics where it applies or we can consider matter models with additional
physical properties. Thus, the Rainich theory for the ideal gases in local
thermal equilibrium has been useful in characterizing the ideal gas Stephani
universes [8]. The conceptual and practical interest of these ‘reduced’ Rainich
theories motivates the goal of this work: the characterization of the type D
aligned Einstein-Maxwell solutions.
This family of metrics contains significant solutions like the Reissner-
Nordstro¨m and the Kerr-Newman black holes and their vacuum limit, the
Schwarzschild and Kerr solutions, as well as, other well-known space-times
that generalize them, such as the charged Kerr-NUT solutions.
In posing this Rainich problem we look for the Einstein-Maxwell solutions
in the set of the Petrov-Bel type D metrics whose principal 2-planes are those
of the (non-null) Maxwell field. At first glance, we could solve this question
by adding to the (algebraic and differential) Rainich conditions (4) and (5),
the complementary algebraic conditions that state:
(i) The Weyl tensor is of Petrov-Bel type D.
(ii) The Weyl and Ricci tensors have aligned principal planes.
In this work we find explicit expressions in terms of the Ricci and Weyl
tensors for the conditions (i) and (ii). But our results go quite a lot further. In-
deed, we show that, under the alignment restriction (ii), the algebraic Rainich
conditions (4) imply the type D requisite (i). On the other hand we show that,
by adding a simple algebraic constraint, the algebraic conditions imply the
(differential) Rainich equation (5). This means that no differential conditions
are necessary to characterize the type D aligned Einstein-Maxwell solutions,
that is, the two differential conditions (2), the divergence-free equation and
the Rainich equation, follow from the field equations. More precisely, in this
work we show the following:
Theorem 3 A metric tensor g is a type D aligned Einstein-Maxwell solution
if, and only if, its Ricci and Weyl tensors, R ≡ R(g) and W =W (g) satisfy
the algebraic conditions:
trR = 0, 4R2 = trR2 g 6= 0, R(x, x) > 0 (6)
R
µ
(αPβ)µγδ = 0 , A
2 +B2 6= 0 , B2 + (3A− trR2)2 6= 0, (7)
where
P ≡W − αG− βη , α ≡ −AC +BD
A2 +B2
, β ≡ AD −BC
A2 +B2
,
A ≡ 12 TrW 2, B ≡ 12 Tr(W ◦ ∗W ), C ≡ 12 TrW 3, D ≡ 12 Tr(W 2 ◦ ∗W ),
and where G = 12g ∧ g is the metric on the 2–forms space, η is the metric
volume element and x is an arbitrary time-like vector.
The operators and products used in this theorem and hereafter are explicitly
defined in Appendix A.
This work is organized as follows. In section 2 we give an alignment condi-
tion between the Weyl and Ricci tensors and show that, under this restriction,
4the algebraic Rainich conditions (4) imply that the Weyl tensor is Petrov-Bel
type D. In section 3 we analyze the differential Rainich equation (5) and we
show that it is identically satisfied by adding an algebraic scalar constraint to
the algebraic restrictions studied in section 2. Moreover we justify the above
theorem that characterizes the metric tensors g and we give the procedure
to obtain the Maxwell field F which complete the Einstein-Maxwell solution.
Section 4 is devoted to considering the counterpart solutions with cosmolog-
ical constant and to analyze the vacuum limit. Finally, in order to clarify the
notation used in the work, the operators and products are explicitly defined
in Appendix A.
2 Algebraic conditions
Let (V4, g) be an oriented space-time of signature {−,+,+,+}, and let R
and W be the Ricci and Weyl tensors, defined from the curvature tensor as
given in [9].
A non-null electromagnetic field F takes the canonical expression F =
eφ[cosψ U+sinψ ∗U ], where U is a simple and unitary 2–form that we name
geometry of F , φ is the energetic index and ψ is the Rainich index. The
intrinsic geometry U determines a 2+2 almost-product structure defined by
the time-like plane V generated by the null eigenvectors of F and whose
volume element is U , and its space-like orthogonal complement H . They are
the principal planes of F (or of U). If v and h = g − v are the respective
projectors and Π = v − h is the structure tensor, we have v = U2 and
h = −(∗U)2, where ∗ denotes the Hodge dual operator and U2 = U · U (see
Appendix A).
The (Maxwell-Minkowski) energy tensor T associated with an electro-
magnetic field F is minus the traceless part of its square and, in the non-null
case, it depends on the intrinsic variables (U, φ):
T ≡ −1
2
[F 2 + ∗F 2] = −1
2
e2φ[U2 + ∗U2] = −κΠ (8)
The symmetric tensor (8) has the principal planes of the electromag-
netic field as eigenplanes and their associated eigenvalues are ±κ, with 2κ =√
trT 2 = e2φ. Then, T satisfies the conditions (1). Conversely, if a symmetric
tensor satisfies the first two algebraic restrictions in (1), then it is, up to sign,
the traceless part of the square of the simple 2–form F ◦ given by:
F ◦ = F ◦(T ) ≡ Q(X)√
2Q(X,X)
, Q ≡ T ∧ g − 1√
trT 2
(T ∧ g)2 (9)
whereX is an arbitrary 2–form, ∧ denotes the double-forms exterior product,
and S2 means the square of a double 2–form S considered as an endomor-
phism on the 2–form space (see Appendix A).
But, in order to guarantee the physical meaning of an energy tensor T we
must also impose the energy conditions on it. Under the first two algebraic re-
strictions in (1) the Pleban´ski energy conditions reduce to the third one. Con-
sequently, (1) gives the algebraic characterization of a Maxwell-Minkowski
5energy tensor. Then, taking into account that the energy tensor determines
the electromagnetic field up to duality rotation, we can state:
Lemma 1 A symmetric tensor T is an energy tensor of non-null electro-
magnetic type if, and only if, it satisfies the algebraic conditions (1).
If T satisfies (1) we can obtain the simple 2-form F ◦ given in (9). Then,
for any scalar ψ, the electromagnetic field F = cosψF ◦ + sinψ ∗ F ◦ has T
as its energy tensor.
In order to analyze the conditions for a space-time to be a Petrov-Bel
type D solution we now introduce a necessary notation. A self–dual 2–form
is a complex 2–form F such that ∗F = iF . We can associate biunivocally
with every real 2–form F the self-dual 2–form F = 1√
2
(F − i ∗ F ). We here
refer to a self–dual 2–form as a SD bivector. The endowed metric on the
3-dimensional complex space of the SD bivectors is G = 12 (G − i η), η being
the metric volume element of the space-time and G the metric on the space
of 2–forms, G = 12g ∧ g.
Every double-2–form, and in particular the Weyl tensor W , can be con-
sidered as an endomorphism on the space of the 2–forms. The restriction of
the Weyl tensor on the SD bivectors space is the self-dual Weyl tensor and
is given by:
W ≡ G ◦W ◦ G = 1
2
(W − i ∗W )
The algebraic classification of the Weyl tensor W can be obtained by
studying the traceless linear map defined by the self–dual Weyl tensorW on
the SD bivectors space [10,11,12]. The characteristic equation reads x3 −
1
2ax− 13b = 0 , where the complex invariants a and b are given by:
a ≡ TrW2 , b ≡ TrW3. (10)
In a Petrov-Bel type D space-time the self-dual Weyl tensor has a dou-
ble eigenvalue and a minimal polynomial of degree two, and it admits the
canonical expression [12]:
W = 3ρU ⊗ U + ρG , ρ ≡ − b
a
(11)
where U is the normalized eigenbivector associated with the simple eigenvalue
−2ρ. The canonical bivector U determines the 2+2 structure Π = 2U · U¯ ,
where ¯ denotes the complex conjugate. The planes of the structure Π are
named the principal planes of a type D Weyl tensor. On the other hand, a
type D Weyl tensor can be characterized as follows [12]:
Lemma 2 A space-time is of Petrov-Bel type D if, and only if, the self-dual
Weyl tensor satisfies:
a 6= 0 , W2 − b
a
W − a
3
G = 0 (12)
where a ≡ TrW2 and b ≡ TrW3.
6In a type D aligned Einstein-Maxwell solution the energy tensor T is of the
electromagnetic type and its principal planes are those of the Weyl tensor. In
this case the energy and Ricci tensors differ in a constant and, consequently,
the Ricci tensor R must satisfy the Rainich algebraic conditions (4).
In order to impose the alignment requirement, the following two condi-
tions must hold: (i) R = −κΠ , Π being the principal structure of the Weyl
tensor, and (ii) The self dual Weyl tensor takes the form (11), U being the
(self-dual) canonical unitary 2-form of the electromagnetic field.
If we consider a frame of normalized SD bivectors {Ui}, U1 = U , we
have that the symmetric tensors {Ui · U¯j} define a (complex) basis of the
space of the traceless symmetric tensors, and then the Ricci tensor may be
written as R =
∑
RijUi · U¯j . Moreover, any self-dual double 2-form P can
be spanned as P =
∑
P ijUi ⊗ Uj . Then, some straightforward algebraic
calculations enable the condition for the Ricci and Weyl tensors to have a
given associated structure to be written as follows:
Lemma 3 (i) A space-time is algebraically of Einstein-Maxwell type with
unitary principal bivector U if, and only if, the Ricci tensor R satisfies:
R 6= 0 , trR = 0 , R · U = U ·R (13)
(ii) A space-time is of Petrov-Bel type D with principal structure Π if,
and only if, the self-dual Weyl tensor W satisfies:
a 6= 0 , Πµ(αPβ)µγδ = 0 , P ≡ W +
b
a
G (14)
From this lemma we easily obtain the alignment condition in terms of the
Ricci and Weyl tensors:
Lemma 4 A Ricci tensor R of non-null electromagnetic type and a Petrov-
Bel type D Weyl tensor W have aligned principal planes if, and, only if, they
satisfy:
a 6= 0 , Rµ(αPβ)µγδ = 0 , P ≡ W +
b
a
G (15)
where W = 12 (W − i ∗W ) is the self-dual Weyl tensor and a ≡ TrW2, b ≡
TrW3.
Until now we have shown that the algebraic restraints for a type D aligned
Einstein-Maxwell solution are given by the Rainich conditions (4) on the
Ricci tensor, the equations (12) characterizing a type D Weyl tensor and the
alignment restriction (15). Nevertheless, all these conditions are excessive.
Indeed, from lemma 3, a simple calculation shows that, under the alignment
constraint (15), the second condition in (4) on the Ricci tensor is equivalent
to restrictions (12) on the Weyl tensor. Thus we can state:
Proposition 1 The necessary and sufficient conditions for g to be a type D
metric with principal planes aligned with a source tensor of electromagnetic
type is that the Ricci tensor R = R(g) and the self-dual Weyl tensor W =
W(g) satisfy the algebraic restrictions (4) and (15).
Evidently, in the above proposition we can substitute the second condition
in (4) by condition (12) that characterizes a type D Weyl tensor.
73 Differential conditions
Once we have obtained the conditions that algebraically characterize the
type D aligned Einstein-Maxwell solutions we will go on to study the dif-
ferential constraints in this section. As pointed out in the introduction the
conservation of the energy tensor, ∇ · T = 0, is a general consequence of the
field equations. Consequently, a priory we must only impose the differential
Rainich equation (5). Nevertheless, we will show now that this condition is
unnecessary, that is, it is also a consequence of the field equations.
We begin this analysis bearing in mind the Maxwell-Rainich equations.
Let Φ and Ψ be the expansion vector and the rotation vector of the principal
planes of an electromagnetic field, defined as [2,13]:
Φ ≡ Φ[U ] ≡ ∗U(δ ∗ U)− U(δU)
Ψ ≡ Ψ [U ] ≡ ∗U(δU) + U(δ ∗ U) (16)
Then, we have [1,14]:
Lemma 5 In terms of the intrinsic elements (U, φ, ψ) of a non-null Maxwell
field, the source-free Maxwell equations, δF = 0, δ ∗ F = 0, take the expres-
sion:
dφ = Φ[U ] , dψ = Ψ [U ] (17)
When F is solution of the source-free Maxwell equations, one says that U
defines aMaxwellian structure. Besides, when the Maxwell-Minkowski energy
tensor T associated with a non-null 2–form is divergence–free, the underlying
2+2 structure is said to be pre-Maxwellian [15]. The conservation of T is
equivalent to the first of the Maxwell-Rainich equations (17) [2]. Then, from
these equations we obtain the following result [1,2]:
Lemma 6 (i) A 2+2 structure is Maxwellian if, and only if, the expansion
and the rotation are closed 1–forms, namely the canonical 2–form U satisfies:
dΦ[U ] = 0 , dΨ [U ] = 0 (18)
(ii) A 2+2 structure is pre-Maxwellian if, and only if, the canonical 2–
form U satisfies the first equation in (18).
This lemma enables us to obtain the differential constraints for the generic
Rainich theory. Indeed, the algebraic conditions guarantee that a family of
2–forms F can be associated with the Ricci tensor (see lemma 1), and one
of them must verify the Maxwell-Rainich equations (17). The first one is the
conservation requirement, that is, a consequence of the field equation. The
second one establishes that Ψ is a closed 1–form, condition that gives the
(differential) equation (5) if we write the rotation vector Ψ in terms of the
Ricci tensor [2].
In showing that this differential condition is unnecessary under the align-
ment requirement an important property of the type D aligned Einstein-
Maxwell solution plays a central role: the two double Debever principal di-
rections determine two shear-free geodesic null congruences (umbilical prin-
cipal planes). Indeed, the type D aligned Einstein-Maxwell space-times with
8a non umbilical principal structure were studied by Pleban´ski and Hacyan
[17]. They looked for solutions with cosmological constant and they found the
’exceptional’ metrics, which are solutions with a non-vanishing cosmological
constant. Thus, a type D aligned Einstein-Maxwell solution without cosmo-
logical constant has shear-free and geodesic null principal directions. We will
show now that the umbilical condition is equivalent to a pair of algebraic
constraints.
Let us consider an Einstein-Maxwell Ricci tensor, R = −κΠ , aligned with
the type D Weyl tensor (11), Π = 2U · U¯ . Then, the Bianchi equations take
the expression:
[(3α− κ)2 + 9β2]τv = 0 , [(3α+ κ)2 + 9β2]τh = 0 (19)
dκ = 2κΦ (20)
2dα = 3(αΦ− βΨ) + κΠ(Φ) , 2dβ = 3(βΦ+ αΨ) + κΠ(Ψ) (21)
where α and β are the real and imaginary parts of the double Weyl eigenvalue,
ρ = α + iβ, Φ and Ψ are the expansion and rotation vectors given in (16),
and τv and τh are the traceless part of the symmetric second fundamental
form of the principal planes (see, for example [13] for a specific definition).
Considering 2κ = e2φ, equation (20) becomes the first of the Maxwell-Rainich
equations (17) and, consequently, it is precisely the conservation equation.
When τv and τh vanish the principal planes define an umbilical structure
[13], and this geometric property is equivalent to the shear-free and geodesic
character of the two null principal vectors [13,16]. Thus, from the equations
(19) we have that, if in a type D aligned Einstein-Maxwell space-time the
Ricci eigenvalue κ and the Weyl eigenvalue ρ = α+ iβ satisfy
(3α− κ)2 + 9β2 6= 0 , (3α+ κ)2 + 9β2 6= 0 , (22)
then the principal planes are umbilical, that is, the Debever principal direc-
tions define shear-free geodesic null congruences.
Now we show that the converse statement also holds: the solutions with
umbilical principal planes satisfy, necessarily, the algebraic restrictions (22).
Indeed, if the first (resp., second) condition in (22) does not hold, one has
β = 0 and 3α = κ (resp., 3α = −κ). Then, Bianchi identities (20) and (21)
imply that Φ = 0 and v(Ψ) = 0 (resp., Φ = 0 and h(Ψ) = 0). In [13] we
have obtained the expression of the Ricci tensor in a space-time with an
umbilical structure. In this case the Ricci tensor depends, up to two scalars,
on the expansion and rotation vectors Φ and Ψ . When Φ = 0 the Ricci tensor
becomes [13]:
R = rvv + rhh+ Ψ ⊗ Ψ − ∗U · LΨg · U − U · LΨg · ∗U (23)
If one now imposes that R = −κΠ = −κ(v− h), one obtains that Ψ = 0.
Thus, the principal planes are umbilical, minimal (Φ = 0) and integrable (Ψ =
0) and, consequently, g becomes a product metric [13]. Now R = rvv + rhh
and the traceless condition implies rv + rh = 0. But, for a product metric,
this condition leads to a vanishing Weyl tensor, that contradicts our type D
9hypothesi. Consequently, under the umbilical property, (22) applies and we
can state:
Lemma 7 In a type D aligned Einstein-Maxwell space-time the Debever
principal directions define shear-free geodesic null congruences if, and only
if, the Ricci eigenvalue κ and the Weyl eigenvalue ρ = α+ iβ satisfy (22).
Elsewhere [13] we have studied the integrability conditions for the umbili-
cal condition and we have obtained interesting consequences for the different
Petrov-Bel types. A detailed analysis of the type D space times leads to the
following (see proposition 10 in reference [13]):
Lemma 8 In a type D space-time whose Debever null principal directions are
shear-free and geodesic (the principal planes are umbilical), if the principal
structure is pre-Maxwellian, dΦ = 0, then it is Maxwellian, dΦ = dΨ = 0.
This lemma implies that, under the umbilical condition, the differential
Rainich equation (5) is a consequence of the field equations. But lemma 7
states that the umbilical (differential) condition can be expressed, equiva-
lently, by means of the (algebraic) constraint (22). On the other hand, re-
membering that, as a consequence of the work by Pleban´ski and Hacyan [17],
all the type D aligned Einstein-Maxwell solutions without cosmological con-
stant have umbilical principal planes, and taking into account proposition 1,
we can state:
Proposition 2 The necessary and sufficient conditions for g to be a type D
aligned Einstein-Maxwell solution is that the Ricci tensor R = R(g) and the
self-dual Weyl tensor W = W(g) satisfy the algebraic restrictions (4), (15)
and (22).
We can make the characterization given in the above proposition more
explicit with the following considerations. From the expression (11) we obtain
the real imaginary part of the Weyl eigenvalue as
α ≡ −AC + BD
A2 +B2
, β ≡ AD −BC
A2 +B2
,
where A,B,C,D are the real invariants of the Weyl tensor that are related
to the complex ones by 2a = A− iB, 2b = C − iD.
On the other hand, the alignment equation (15) is equivalent to its real
part since the Ricci tensor R is real and P is a self-dual double 2–form. Thus,
taking the real part in (15) we can write this condition in terms of the (real)
Weyl tensor and its real invariants. Finally, the two constraints (22) state,
equivalently, that 6a 6= trR2. Taking into account all these considerations
proposition 2 implies our main theorem 3 settled in the introduction.
Theorem 3 characterizes the family of type D aligned Einstein-Maxwell
space-times by means of algebraic conditions. In order to complete the Eins-
tein-Maxwell solution we need to obtain the Maxwell field F associated with
the Maxwell-Minkowski energy tensor T . If we take into account the Maxwell-
Rainich equations (17), the expression Ψ(R) in (5) of the rotation vector in
terms of the Ricci tensor, and the second statement in lemma 1, we arrive to
the following result:
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Proposition 3 Let g be a metric tensor satisfying the conditions (6) and
(7) of theorem 3. Then, a function ψ exists such that dψ = Ψ(R) where Ψ(R)
is given in (5). Let us consider the 2–form F = cosψF ◦ + sinψ ∗ F ◦, where
F ◦ = F ◦(R) is given in (9). Then the pair (g, F ) is an Einstein-Maxwell
solution.
4 On the solutions with cosmological constant and on the vacuum
limit
The explicit integration of the Einstein-Maxwell equations for the family of
metrics characterized in theorem 3 has been obtained by several authors (see
[18,19,20] and references therein). This family of solutions, also including
their counterpart with cosmological constant, has been named the D-metrics
[20]. They can be deduced from the Pleban´sky and Demian´ski [18] line ele-
ment by means of several limiting procedures (see [9] and references therein
and [21] for a recent analysis).
The Rainich-like characterization of the D-metrics easily follows from the
analysis presented in the previous sections. Indeed, the algebraic conditions
applies if we replace the Ricci tensor by its traceless part and impose a
constant trace. On the other hand, in showing that the differential Rainich
condition is unnecessary we have used the Bianchi equations (19,20,21) that
take exactly the same expression when the cosmological constant is present.
Thus, we can state:
Theorem 4 A metric tensor g is a charged D-metric if, and only if, its Ricci
and Weyl tensors, R ≡ R(g) and W =W (g) satisfy the conditions:
d trR = 0, 4R˜2 = tr R˜2 g 6= 0, R˜(x, x) > 0 (24)
R
µ
(αPβ)µγδ = 0 , A
2 +B2 6= 0 , B2 + (3A− tr R˜2)2 6= 0, (25)
where P , A, and B depend on the Weyl tensor as given in theorem 3, R˜ is
the traceless part of the Ricci tensor, R˜ ≡ R − 14 trRg, and where x is an
arbitrary time-like vector.
It is worth remarking that theorem 4 does not give the Rainich-like char-
acterization of the whole set of type D aligned Einstein-Maxwell solutions
with cosmological constant. Indeed, theorem 4 characterizes the D-metrics,
and this family does not contain the exceptional metrics by Pleban´ski and
Hacyan [17].
Let us also note that the space-times which theorems 3 and 4 characterize
do not include the vacuum limit. Indeed, the algebraic Rainich conditions (24)
avoid the vacuum case R = 0 and, moreover, the alignment condition (first
in (25)) holds identically and does not guarantee a Weyl tensor of type D.
In order to obtain a Rainich-like characterization of the D-metrics that
also includes the vacuum solutions we must replace the second condition in
(24) by the conditions (12) for a type D Weyl tensor. Then, we obtain an
alternative characterization that we give in complex vectorial formalism:
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Theorem 5 A metric tensor g is a D-metric (including the vacuum limit)
if, and only if, its Ricci and Weyl tensors, R ≡ R(g) and W =W (g) satisfy
the conditions:
d trR = 0, R˜(x, x) ≥ 0 (26)
a 6= 0 , W2 − b
a
W − a
3
G = 0 (27)
R
µ
(αPβ)µγδ = 0 , 6a 6= tr R˜2 , (28)
where
R˜ ≡ R− 14 trRg , P ≡ W +
b
a
G , a ≡ TrW2 , b ≡ TrW3 ,
G ≡ 12 (G− i η) , W ≡ 12 (W − i ∗W ) ,
and where G = 12g ∧ g is the metric on the 2–forms space, η is the metric
volume element and x is an arbitrary time-like vector.
The main results of this work (theorems 3, 4 and 5) offer an intrinsic
(depending solely on the metric tensor) and explicit characterization of an
important family of known solutions of the Einstein equations: the D-metrics.
This kind of characterization has already been given for two subsets of this
family: the static type D vacuum solutions [22] and their charged counterpart
[16]. The results in these quoted works have allowed us to obtain an intrinsic
and explicit labeling of every metric of these families and, in particular, to
characterize the Schwarzschild and Reissner-Nordstro¨m black holes [22] [16].
In a similar way, the characterization of the D-metrics that we give in
the present work is a first step in labeling every particular solution in this
family. This task and, in particular, the intrinsic characterization of the Kerr
and Kerr-Newman black holes will be tackled elsewhere [23].
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A Notation
1. Products and other formulas involving 2-tensors A and B:
(a) Composition as endomorphisms: A ·B,
(A · B)αβ = A
α
µB
µ
β (29)
(b) Square and trace as an endomorphism:
A
2 = A · A , trA = Aαα. (30)
(c) Action on a vector x, as an endomorphism A(x), and as a quadratic form
A(x, x):
A(x)α = Aαβx
β
, A(x, x) = Aαβx
α
x
β
. (31)
(d) Exterior product as double 1-forms: (A ∧B),
(A ∧B)αβµν = AαµBβν + AβνBαµ − AανBβµ − AβµBαν . (32)
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2. Products and other formulas involving double 2-forms P and Q:
(a) Composition as endomorphisms of the bivectors space: P ◦Q,
(P ◦Q)αβρσ =
1
2
P
αβ
µνQ
µν
ρσ (33)
(b) Square and trace as an endomorphism:
P
2 = P ◦ P , TrP =
1
2
P
αβ
αβ . (34)
(c) Action on a bivector X, as an endomorphism P (X), and as a quadratic
form P (X,X),
P (X)αβ =
1
2
P
αβ
µνX
µν
, P (X,X) =
1
4
PαβµνX
αβ
X
µν
. (35)
3. Other products and operators:
(a) The Hodge dual operator is defined as the action of the metric volume
element η on a bivector F and a double 2-form W :
∗ F = η(F ) , ∗W = η ◦W . (36)
(b) For a tensor t, ∗(t) denotes the action of the Hodge dual operator on the
skew-symmetric part of t. For example,
∗ (∇T · T )α =
1
6
η
βµν
α ∇βTµλ T
λ
ν . (37)
Note that the symbol · indicates, as in the endomorphism composition, the
contraction of the adjacent indices of the tensorial product.
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